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INTRODUCTION 
The famous Legendre polynomials are intricately connected with the 
theory of elliptic integrals ndwith the formal groups associated o Jacobi 
quartic curves Y2 = 1 - 26X2 + &X4. For instance, Honda [4] has obtained 
new congruences for these polynomials u ing his theory of formal groups. 
Congruences modulo p2 involving Legendre polynomials are at the root of 
the construction of elliptic cohomology [S]. On the other hand, Legendre 
polynomials may be interpreted as matrix coefficients for finite-dimensional 
representations of thealgebraic group X(2) [3]. 
In this article, w  use well-known facts about he reduction modulo p of 
such representations t  find a representation-theoretic statement which 
implies the Schur congruences for the Legendre polynomials (see 
Section 1). We use similar methods to obtain anew derivation f rsome of 
Honda’s congruences. 
In Section 3,we prove a statement about the reduction modulo a large 
prime number p of a certain representation of a orthogonal group to 
obtain a congruence (Corollary 3.2) for Gegenbauer polynomials. We also 
give acongruence for Tchebycheff polynomials (Proposition 3.4). 
The expression of the Legendre polynomials as matrix coefficients allows 
us to write down an intriguing formula (Proposition 2.1) for the logarithm 
of the formal group associated o aJacobi quartic. This formula shows that 
this formal power series i an “expectation value” (in the sense of quantum 
theory) for the representation of GL(2) in the space of formal power series 
in two variables X and Y. The role of the vacuum vector is played by the 
formal power series exy. The parameter t for the formal power series 
appears as the entry of a scalar (2, 2)-matrix. This suggests hat some 
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deeper connection should exist between GL(2) and the elliptic genus of 
Ochanine [lo] as well as the cohomology theory known as elliptic 
cohomology [7]. 
It is a pleasure tothank George Andrews and Peter Landweber for 
interesting d scussions and correspondence. I  particular, George Andrews 
directed us to the book [ 111 by Rainville. We also thank Richard Askey 
for providing us with aproof of Proposition 3.4, which was presented as a
conjecture in anearlier v sion fthis article. 
1. CONGRUENCES FOR LEGENDRE POLYNOMIALS 
We use the description of the Legendre polynomials s matrix coef- 
ficients for the representations of the adjoint group of the Lie algebra sZ(2). 
Let A be a commutative algebra. For any integer n,let I’, be the free 
A-module consisting of homogeneous polynomials of degree it in 
two variables (X, Y), with coefficients in A. It admits the basis 
(Jfpy”-p),,,,,. The group G= GL(2, A) acts on V, as follows: 
g . P(X, Y) = P(aX + cY, bX+ dY), for g= (F 5;). IfA is a Q-algebra, there 
is, up to a scalar,  unique bilinear fo m ( , ) on I’, which satisfies: 
(1) (gP, gQ) = det( g)“(P, Q), for any P, Q in I’, and g in G. 
For n = 2m, this bilinear fo m is symmetric and may be normalized by the 
condition: 
(2) (U”, u,) = (m!)‘, where u,(X, Y) = X” Y”. 
Concretely, we have 
(P> Q)=W’+-$&) Q,(o,o). 
The A-valued zonal spherical function on G is defined by 
@(g) =(gu,, 0,). Let K be the subgroup ofGL(2, A) consisting of diagonal 
matrices. Then k . u, = det(k)‘%,, for all k in K. It follows that 
@(kgk’) =det(kk’)“@( g), for all gE G and k, k’ E K. The relation of @ with 
the Legendre polynomial P, is given by the following result ofVilenkin 
and Dieudonnb. 
PROPOSITION 1.1 [3]. For g=(; ~;)EG, let u=u(g)=(ad+bc)/ 
(ad- bc). Then we haue @(g) = det( g)“P,(u). 
Note that he definition of @(g) may be extended toan arbitrary com- 
mutative ring A by using the endomorphism rc of the A-module I’, which 
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is given by n(u,) = u,, and rc(XkY”-“) = 0, for kfm. We then can write 
Q(g) = Tr(w,k)), where pn: G + GL,( V,,) denotes the action of G on V,. 
To obtain the Schur congruences for the Legendre polynomials, we 
choose for our algebra a perfect field k of characteristic p # 2 which con- 
tains a transcendental element U. We also choose amatrix gin SL(2, k) for 
which ad + bc = 1, for instance, g = ((U+,“12 (Up,1”2). We introduce the 
following well-known twisting operation. Let F: G + G be the Frobenius 
automorphism (raising all coefficients to he pth power). For A4 a vector 
space over k, and for r an integer, let A4 (r’ be the vector space, equal to A4 
as an abelian group, but such that he action of a E k on MC” is the same 
as the action of ape’ on A4. If A4 carries anaction CI of G, then we define 
the action ~1~” of ge G on A4 (I) by &‘(g) = a(F“( g)). 
With these notations, forany n 2 1 and for r 2 0, the map Q + Qp’ is 
a G-equivariant and k-linear map from Vr) to V,,,,. Now let 
m=m,+m,p+m,p*+ ... be the expansion of m in base p, so that 
0 < mj < p - 1. Put nj = 2mj. We obtain a k-linear nd G-equivariant 
map o from V,I, @ Vi:’ @ VE’ 0 . . to V,, by mapping first o 
vn, 0 VP,, 0 v,%Q..  , and then taking the product of polynomials. 
PROPOSITION 1.2. Let p be an odd prime, and nj= 2mj be a finite 
sequence of even integers, with 0 d m, d p - 1. Let T be the group of 
diagonal matrices of determinant one. The space of T-invariants in 
v @V”‘@ V’2’@ ... is one-dimensional, a d the map o restricts to give an 
iszmorp&m bztween this space and the one-dimensional subspace of 
T-invariants i  V,,, spanned by v,. 
Proof. We introduce the notion of weight spaces Mj for a representa- 
tion CC SL(2, k) + CL,(M) in a k-vector space M, and for Jo Z[l/p]. For 
Jo Z, Mj is the space of vectors v EA4 such that (t U!?,)u = aJv. For all the 
representations M we consider, we have A4 = @jjMj. We may talk about 
the weights of M. It is clear that he weights of MC” are exactly the p’j, for 
j a weight of M. More precisely, we have M:;! = (M,)“‘. 
The weights of V,, for n even, are the even integers inthe interval 
[ -n, n]. Hence the weights of the tensor product Vn,@ Vi:’ @ Vi:’ @ . . . 
are of the form zj b,pj, where b, is an even integer and lbjl < nj, hence 
lb,/21 < p- 1. The sum cj (bj/2) pjcan only be zero when all 6, are zero. 
This implies the one-dimensionality of he zero-weight space, and the 
lemma. 
We observe that o also maps the T-stable complement o the zero 
weight space in V,,@ Vi:‘@ VL:)@ ... (i.e., thedirect sum of the weight 
spaces for non-zero weights) tothe complement to the zero weight space 
in V,,. It follows easily that he trace of rr,p(g) on v/n is equal to the trace 
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of the similar operator acting on V’ = V,, @ Vk:) @ VLt’ @ . . . . The first 
trace is equal to Q(g) =P,(U). The second trace is equal to 
n Trvn$w!()k)) = n JL$vn,k))P’=~ P,(u)“‘. 
I I i 
(For simplicity, we have omitted subscripts in rc,, etc.) This is an equality 
in k, where uis transcendent, hence it gives an equality of polynomials in 
one variable, with coefficients n anyfield ofcharacteristic p. Hen e we 
obtain: 
COROLLARY 1.3 (Schur, cf. [ 14,8]). Let p be an odd prime number, let 
m > 1 be an integer, and let m = m, + pm, + p2m, + . . . be its expansion i
base p. Then the polynomial P,(x) is congruent module p to n, P,,,(x)~‘. 
One can also use the interpretation of theLegendre polynomials s 
spherical functions i  order to prove higher order congruences forthese 
polynomials. We now take Z[ l/2] [ ] u as base ring, where uis an indeter- 
minate. We use Proposition 1 i the following form: for g = (; 2) of 
determinant 1 such that ad+ bc = U, the coefficient of X” Y” in 
(aX+cY)“(bX+dY)m is equal to P,(u). We use the following (probably 
well-known) congruence between polynomials in two variables (X,Y). 
LEMMA 1.4. For p a prime number and r > 1, we have 
(X+ Y)P’= (xp+ Ypy-’ (mod p’). 
Proof Since we have (X+ Y)p = Xp + YP(mod p), this will follow from 
the following well-known result. 
LEMMA 1.5. Let A be a commutative ring, and let a and b be elements 
of A. (i) If a= b (mod p“) (for k> l), then up= bP (mod pk+ ‘); 
(ii) Ida = b (mod p), then up’= bP’ (mod p’+ ‘). 
We fix an odd prime p and integers m and r, both 2 1. Modulo pr, the 
polynomial (aX+ bY)mp’(cX+ dY)@ is congruent to(aPXP + bPYP)mP’-’ 
(cpXp + dPYJ’)‘@. Since aPdP - bpcp is congruent to1 modulo p, by 
Lemma p, by Lemma 1.5, its (p’- ‘)th power is congruent to 1 modulo pr. 
Hence we obtain: 
PROPOSITION 1.6. Let g(u)=((l+u)p+(u-l)p)/((l+u)P-(l-u)~), 
a formal power series in the variable u.Then P,,(u) is congruent to 
P,,-*(g(u)) modulo p’. 
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Note that modulo pr, g(u) is actually a polynomial. To obtain a more 
resonable-looking c ngruence, let us observe the following 
COROLLARY 1.7. In any Z[ l/2]-algebra, if a = b module pk (with k> 1 ), 
then P,,(a) = P,,,,+(b) (mod pkf’). 
Proof: We use induction on r, the case r= 0 being obvious. If we know 
the statement for Y - 1, then the congruence Pmp,( T) = P,,,-I( g T)) 
(mod p’) implies anequality of the type 
~,~(T)-P,,(Z)=P,,~~(~(T))-P,~-I(~(Z))+~’(T-Z) Q(T, Z), 
between polynomials in T and Z, for some polynomial Q( T, Z). Since a = b 
(mod p’), using Lemma 1.5, we have up c bP (mod p’+ ‘). We may write 
g(T) as g(T) = TP + ph( T) for some polynomial h, hence we obtain 
g(u) E g(b) (mod p’+ ‘). Now we apply the inductive assumption and 
obtain the fact that he difference P,,+,(g(u)) - P,,-,(g(b)) is divisible by 
kcr 
P . On the other hand pk divides a - b, hence pk +* divides 
p’(u -b) Q(u, b). This hows that pk+’ divides P,,,,,(a) - P,,(b). 
Since g(u) =up (mod p), we deduce the following congruence due to 
Honda: 
COROLLARY 1.8 [4]. For p an odd prime and r3 1, Mte have the 
congruence Pmp,( T) s Pmp,- I (T “) (mod p’). 
Remark. We might have presented the proof of this congruence of 
Honda in a similar fashion asthat of the Schur congruences, thatis, in 
terms of representations of the group of (2,2)-matrices w th coefficients n 
the ring of Witt vectors oflength r over aperfect field, butthis would have 
needed the introduction of extra machinery, forwhich we would have no 
use in the rest of this paper. 
2. THE LOGARITHM OF THE ELLIPTIC GENERA 
Recall that amultiplicative genus4 with values ina commutative ring A
is a procedure which assigns, to any compact oriented manifold A4without 
boundary, an element 4(M) of A, in such away that: 
(1) If M1 and M2 are cobordant, then &M,) = (b(M,); 
(2) ~(M,uM*)=~(M,)+~(M*); 
(3) &Ml x M2) = 4(Ml) 4(M*h 
In other words, 4 gives a ring homomorphism from oriented cobordism 
ring 0, of Thorn to A. If A is a Q-algebra, onemay replace Q, with 
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!EI, @Q, which was completely described by Thorn [13]: it is the 
polynomial ring generated by the classes of the even-dimensional 
projective space CP,, .Hence 4 is determined by the power series f(t) = 
C,EO (1/(2j+ 1)) &CP,) tv+ ’ with coefficients n A. 
From the point of view of generalized cohomology theories, the formal 
group F(X, Y) (with coefficients n A) naturally associated with the genus 
4 hasf(t) asits logarithm. This means that F(X+ Y) =f-‘(f(X) +f( Y)). 
The universal el iptic genus of S. Ochanine [lo] may be simply described 
in terms of the corresponding power series f(t). The coefficient ring isthe 
ring of polynomials over Z[ l/2] in two variables 6 and E, and the power 
series i given by the formal expansion ofan elliptic integral 
f(t)=!; dx
1 - 26x2 +6x4’ 
It is simpler for us to consider the derivative df/dt = l/,/m. 
We will find aformula for this formal power series a a matrix coefficient 
for the representation of thegroup GL(2) in the space of formal power 
series in two variables. 
First we recall the classical expression [2,S] of l/,/m in 
terms of Legendre polynomials: 
(1 - 2&2 + Et4)-1/2 = C @pi -f- t2j. 
.i >0 ( > A 
We now wish to use the expression of the Legendre polynomials s 
spherical functions, recalled in Section 1.For this purpose, weintroduce 
the ring Z[ l/2,6, &] of polynomials in two variables 6 and 4, and an 
invertible (2, 2)-matrix g = (F 5;) with coefficients n this ring, such that 
ad+ bc = 6 and ad- bc = 4. Then the product E J2Pj(S/&) is equal to 
(gv,, uj)/(v,, v,)for vj(X, Y) = XjY’ (the inner product onthe space V, of 
homogeneous polynomials in (X, Y) was introduced in Section 1). 
Since (vi, uj) = (j!)2, this product isequal to (l/(j!)‘)(g(XjYj), X’Y’). 
Recalling nowthe action fdiagonal (2,2)-matrices on V2j, we see that he 
term @‘P,(L?/&) t2j of our sum is equal to the matrix coefficient 
(l/(j!)2)(g. (6 ;)(xjYj), X’Y’). 
It is therefore appropriate at his point o define matrix coefficients for 
the action fGL(2) on the space of formal power series inX and Y. We 
cannot directly define (g. F(X, Y), H(X, Y)), for two such power series F 
and H. However, we may introduce an indeterminate t nddefine the 
matrix coefficient (g . (Ay). F(X, Y), H(X, Y)) as a formal power series in
t. Indeed, if F(X, Y)=C F,(X, Y) and H(X, Y) =C H,,,(X, Y) are the 
decompositions ntohomogeneous components, we simply define 
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= m;, (g .~&K n ff,(X Y)) t”. 
With this convention, we obtain the following 
PROPOSITION 2.1. The derivative df/dt of the logarithm of the universal 
elliptic genus admits the expression 
$=(g.(i ~).exy,eyy), 
where g is some invertible two-by-two matrix. 
Equivalently, it may be written as(g . erXY, erxy) (which, again, is easily 
seen to make sense as a power series int). 
In the spirit of [9], we consider, inside the scheme of all formal groups, 
over a field of characteristic zero,the subscheme consisting of elliptic 
formal groups, i.e., those whose logarithm f(t) is such that 
df/dt=(1-26t2+&t4)P . r”From the above discussion, we obtain a iden- 
tification of this ubscheme with the quotient of he space of double cosets 
T\G/T, for G= GL(2) and T the subgroup ofdiagonal matrices of determi- 
nant 1, by the involution which changes the sign of ad- bc and fixes 
ab + bc. Recall that he afftne quotient T\G/T is identified w thtwo-dimen- 
sional affine space, bythe T-bi-invariant egular functions g -+ad + bc 
(corresponding to 6) and g + ad- bc (corresponding to 6).
Thus we find anatural relation of the parameter space for elliptic formal 
groups with the algebraic group GL(2). It is therefore natural towonder 
whether there exists aninterpretation of the elliptic genus, or of elliptic 
cohomology, in terms of this group. We note that Formula (2.1) expresses 
the derivative of the logarithm of the elliptic genus as an “expectation 
value”; ifwe were to think of the formal power series xy as a “vacuum 
vector,” this would be very similar to the formula for the tau-function of 
the TV-hierarchy (see, for example, [ 121). 
3. CONGRUENCES FOR OTHER ORTHOGONAL POLYNOMIALS 
As explained in [3], many classical orthogonal polynomials canbe 
obtained from atrix coefficients of spherical finite-dimensional representa- 
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tions of compact Lie Groups. For example, let G= SO(n + 1, R), and let 
Kc G be the stabilizer of a vector u of length 1;so K= SO(n, R). The space 
G/K is homeomorphic to the n-sphere S”, hence the space of double cosets 
K\G/K is homeomorphic tothe interval [ - 1, + 11, the map from G to 
this interval being + (gu, v). 
The real vector space P,(n + 1) of homogeneous polynomials in (n + 1) 
variables carries a representation of G. This may be described y induction 
on m as follows. Thesubspace H,(n + 1) of harmonic polynomials gives 
an irreducible representation of G. For f(X, . . X, + i ) = Xf + . . Xi + , 
(a G-invariant polynomial), onehas the direct sum decomposition 
P,(n + 1) = H,(n + 1) @f. P,,-,(n + 1). One then obtains the decomposi- 
tion 
P,(n+ l)=H,(n+ l)@f.H,P,(n+ l)@ . . . . 
Hence, as a representation of G, we have P,(n + 1) = 
CO<j<m,j=mmod* Hj(n+ l). 
The space H,(n + 1) admits, upto scalar,  unique K-invariant vector u,
of norm 1. The spherical function g --f (gu,, u,) may then be viewed as a 
polynomial function of one real variable u = (gu, u). According to [3], this 
polynomial is the Gegenbauer polynomial G,,,+ i(u). We should point out 
that these polynomials are here normalized by the condition that 
G m,n +i (1) = 1, which differs f om the standard normalization (cf.[2]). 
One may rewrite his pherical function as Tr(np,(g)), where pm is the 
action fG on H,(n + l), and rc, as in Section 1,denotes the K-invariant 
projection on the K-invariant subspace. At this point, one may wonder 
whether the method of Section 1 applies togive congruences forGegen- 
bauer polynomials. For this purpose, one now thinks interms of algebraic 
representations of algebraic groups. In every characteristic, one can 
describe H,(n + 1) as the quotient ofP,(n + 1) by the subspace 
f . P,,-,(n + 1). One needs to analyze H,(n + 1) as a representation of K. 
First one obtains the equality El,(n + l),R = P,(n) @ P,,,- i(n), which is 
valid in any characteristic, a  it expresses thefact hat he quotient of he 
polynomial algebra k[X, X,, . . X, + 1 ] by the ideal generated by fiden- 
tifies with k[X,, .. X,] OX,, I .k[X,, . .X,], as a k[X,, .. X,1-module 
and as a representation of K. 
Since we have normalized the Gegenbauer polynomials so that heir 
value at 1 is equal to 1, we have also introduced d nominators ther than 
powers of 2, and it is not clear how to ensure that agiven polynomial be 
integral at agiven prime p. From the representation-theoretic standpo nt, 
the problem is that he trivial representation need ot remain a direct 
factor fthe representation P,,-,(n) (if m is odd), or P,(n) (if m is even). 
The best we have been able to do is the following: 
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PROPOSITION 3.1. Let n > 2 be even, and let p be a prime number, with 
p > bn - 1. Then, over aperfect field k of characteristic p, we have: 
(1) The K-representation H&n + l),K contains the trivial representa- 
tion k. up as a direct factor; 
(2) The pth power map H,(n + 1)“’ + H,,(n + 1) maps k. v 
isomorphically to k . up, and maps the K-stable complementary subspace 
H,(n) into the complementary subspace. 
Proof. We want to show that it remains true in characteristic p that he 
trivial representation of K is a direct factor of P,- ,(n). In characteristic 
zero, P,- l(n) is the direct sum of the irreducible representations H,(n), for 
j even, j< p - 1. In characteristic p, one can only say that P,- I(n) is 
obtained as a successive extension fthese Hi(n). One knows, by Stein- 
berg’s theorem [S, 61 that Hi(n) is irreducible (for j< p - l), since its 
highest weight is jil (we use the description n the tables of [l] for the 
roots and weights for the root system D, of K). Put n = 21. 
We have to worry, however, about the possibility of non-trivial exten- 
sions between the trivial representation and some H,(n). According to the 
strong linkage principle [S, 61, such extensions can exist only if for some 
element w in the Weyl group W, one has an equality ofthe type 
$1 = W(P) - P + PI4 
for p the half-sum of the positive roots and for p in the weight lattice. 
We show that this equality leads to a contradiction. We recall that 
p=(l-l)i,-(l-2)&+ ... +Ar-, (see the table of [l] for the root 
system D,). Also w may be written asw = (.si, E*, .  . e,)cr, for (T a permuta- 
tion of { 1, . . 1) and for E;= +l, with n Ed= 1. 
We thus rewrite he above equality inthe form 
(l- 1 +j+s,(f-C(l)))21 
+(l-2+&2(1-o(2)))&+ ... +Et(l-o(l))At=pu. 
If the left hand side is divisible y p in the weight lattice, it is also 
divisible y p in the lattice generated bythe Ebj, which is of index 2 in it. 
Hence, for 2 d k d 1, I- k - ~~(l- o(k)) must be divisible y p. However, 
since I-k61-2 and I-E(k)<l-1, we have II-k-ek(l-a(k))l< 
21- 3 < p. Hence this number must be zero. This implies that u(k) = k for 
k B 2, hence rs = id. Further, we get E? = .sj = . . . = &I- i, so either w = 1 or 
w = (- 1, 1, . .) 1, - 1). The first case is impossible, as k# 0. The second 
case gives jll, + wp - p = (j + 2(1- 1)) A,. This is divisible y p only for 
j = p - 21+ 2, which however is an odd integer. 
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This contradiction establishes (1).For (2), we note first that up is non- 
zero, and next hat he other irreducible component H,(n) of H,(n + l),K 
admits no non-zero K-equivariant li ear map to the trivial representation. 
This proposition mplies that a projection n continues toexist, in
characteristic p for H,(n + l), hence the polynomial Gp,n+ i may be reduced 
modulo p and computed as Tr(rrp,(g)). Usingthe pth power map exactly 
as in Section 1,one then obtains the corollary; 
COROLLARY 3.2. Under the assumption fProposition 3.1, the following 
congruence holds between polynomials in a variable u:
G ~,~+I(u)=GI,.+I (u)” (mod p) = up (mod p). 
This congruence mayactually be derived from the xplicit expression f r
the unnormalized G genbauer polynomial C;(x), given in [ 11, For- 
mula (2) p. 2771. We note here simply that our normalized polynomial 
G m,n+, is related to the C;(x) by G,,,+,(x) = C~~‘)‘*(x)/C!,‘~ ““(1).Itis 
of course quite possible that future progress in the theory of representations 
of Chevalley groups in characteristic p will lead to further congruences for
Gegenbauer polynomials. However, wehave verified that even for large p,
G 2p,n+ I will not be congruent to G&+ r modulo p. 
There is another sort of congruence involving Ge enbauer polynomials, 
for which we know of no group-theoretic in erpretation. I  s more con- 
venient towrite in terms of the C:(x), for which we have the generating 
series 
f C;(x)t”=(1-2xt+t2)~“. (3.1) 
n=O 
We assume that vis a half-integer, in which case C;(x) has coeflicients n 
ZCWI. 
PROPOSITION 3.3. For v a half-integer, and for p an odd prime, we have: 
(1) C;:(x) 3 Cz(x)P (mod p), for n B 0. 
(2) C,(X)~“(X) = 0 (mod p) if 1 is not divisible y p. 
ProoJ This is readily obtained byraising Eq. (3.1) for v to the pth 
power and reducing modulo p. 
We also present a congruence for Tchebycheff polynomials, which is a 
sort of limiting case of the congruence in Proposition 3.3. To explain the 
meaning of this, wenote that he Tchebycheff polynomial 7’,Jx) isequal to 
the limit, asn + 1, of the Gegenbauer polynomial Gk,n+ ,(x). We present 
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below a congruence for Tchebycheff polynomials, which is analogous to
“half” ofthe Schur congruences forthe Legendre polynomials. The proof 
we give for it is due to R. Askey. 
PROPOSITION 3.4 (R. Askey). For p an odd prime number and k 2 1, we 
have T,,(x) = Tk(x)p (mod p). 
Proof. We use the well-known property ofthe Tchebycheff polyno- 
mial TJx), namely that T,(cos 0)=cos(kO). We deduce that for u a 
variable, andfor x= (u + up’)/2, wehave TJx) = (u” +up”)/2. Itfollows 
that T,,(x) = (ukp + ZC@)/~ = (uk +~~)/2)~ = Tk(x)P mod p. This is a 
congruence in the ring of Laurent polynomials in u. We note that if two 
polynomials in x become congruent modulo p after the substitution 
x = (u + up ‘)/2, they must be congruent modulo p. This proves the desired 
congruence. 
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